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Two models for a plane interface between a free electron metal and a concentrated solution of 
a surface inactive electrolyte are treated fully self-consistently, taking into account both the 
polarizability of the metallic electron cloud and' the reorientation of solvent molecules. The inter- 
facial capacity is calculated as a function of the electrode charge, and its dependence on various 
system parameters is investigated. Some conclusions on the structure of the interface are drawn 
from a comparison between our results and experimentally observed trends.

§1. Introduction

The differential capacity of the metal/electrolyte 
interface is very sensitive to the structure of the 
contact region. It is analogous to the capacity of 
metal-insulator-metal systems, which contain both 
an interfacial and a 'geometric' contribution:

where L is the distance between the metal plates. 
Since, normally, L >  104A, the second term domi­
nates. and the interfacial contribution is hardly 
seen. In the metal/electrolyte system, the ionic dif­
fuse layer plays the role of the second metal plate, 
so that, at the point of zero charge (p.z.c.), the 
Debye length x~] takes the place of L in (1.1). Since 
x-1 can be of the order of 10 A or so. both terms 
are of the same order of magnitude, and the inter­
facial contribution to the capacity can be extracted 
from the experimental results.

For systems with no specific adsorption of ions. 
Grahame [1] proposed the general ansatz

where CH is the interfacial (Helmholtz or inner 
layer) capacitance, which does not depend upon the 
electrolyte concentration but possibly depends on
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the electrode charge. Cdiff is the ionic space charge 
capacitance in a dielectric continuum of dielectric 
constant e, which is given in the Gouy-Chapman 
theory. Close to the p.z.c., Cdiff= ex~x/4n\ for large 
surface charge densities a on the electrode, and, for 
example, for a binary 1-1 electrolyte of concentra­
tion c. this theory gives Cdjff = e/kT 0 c1/2 (1 + a2/ 
4 02c), where 0 is a constant depending on solvent 
properties and temperature (for water at 25 °C, 
0 = 0.0586 C m -211/2 moU1/2).

Grahame's ansatz was used for 30 years for the 
parametrization of capacitance data. It worked suc­
cessfully for so many systems that frequently the 
capacitance data were presented directly in the form 
of CH (a) dependence. Reviews of such CH (c) char­
acteristics for various metal/solvent systems can be 
found, e.g. in Fawcett [2], Payne [3] and Frumkin [4],

Special attention to the verification of Grahame's 
hypothesis is paid in the recent review by Voro- 
tyntsev [5].

Recently. Kornyshev, Schmickler and Vorotyntsev 
[6], and Kornyshev and Vorotyntsev [7] (for the 
region near the p.z.c., and for moderate charges, 
resp.), have given a theoretical foundation for Gra­
hame's parametrization. They obtained rigorous 
criteria which limit the validity of the ansatz to low 
electrolyte concentrations (c < 0.1 M) and moderate 
charges (a < lOpCcm-2). An expression was found 
that relates CH to the unified dielectric function e 
(:.:': a) (of an arbitrary form) of the metal/solvent 
system. Approximations for e (z, o) give corre­
sponding expressions for CH.

In the limit of high electrolyte concentrations 
(c <: 1 M). the contribution of the diffuse layer is 
so small that 1/C ^ 1/CH. Although the data for CH
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obtained from concentrated solutions and those 
extrapolated from dilute solutions need not neces­
sarily coincide, they normally agree well. The form 
of the CH (a) characteristics is a mystery that still 
challenges the theoreticians. The pioneering work of 
Watts-Tobin [8] and the programme paper of Mott 
and Watts-Tobin [9] opened a 20 year history of 
'molecular modelling' of the inner layer (for latest 
reviews see, e.g., Fawcett [2] and Rangarajan [10]).

However, in these molecular models, the metal 
was regarded as a region of constant potential. Thus, 
this approach appear to be incompatible with the 
modern electronic theory of metal surfaces (see, e.g., 
Lang [11] and Partenskii [12,13]). In particular, 
studies of a metal surface in an external field 
(Teophilou and Modinos [14], Partenskii and Smo- 
rodinskii [15], Partenskii et al. [16]) revealed a con­
siderable polarizability of the electron cloud near 
the interface when fields of the order of IV A-1, 
which is the typical order of magnitude for the 
metal/electrolyte interface, are applied. So the early 
arguments of Mott and Watts-Tobin [9], that the 
strong dependence of CH on the electrode charge 
demonstrates that the capacity cannot be associated 
with the "metal electronic double layer", are no 
longer convincing. It is evident now that the com­
plicated capacity-charge characteristics are the 
result of all the factors involved in the dielectric 
response of the interface: the polarizability of the 
solvent molecules, the response of the electronic 
cloud, and the strong interaction of these two sub­
systems.

Parsons [17] proposed a useful classification of 
CH (a) curves (see the schematic plots in Fig. 1); 
many examples fitting into this scheme were dis­
cussed by Fawcett [2], Type I is characterized by a 
central maximum and two minima. It is observed 
for the Hg/H20  interface, and similarly for Cd and 
Pb. Type II displays a single maximum with no 
other extrema in the observable polarizable range of 
the electrode (the interfaces of Hg with cyclic 
carbonates, nitromethane, and DMSO). Type III has 
only a shallow minimum (Hg/MeOH, Hg/ethylen- 
glycol, Hg/some aprotic solvents). Type IV refers to 
monotonic curves (e.g. Hg/acetonitrile).

Looking at these curves, one comes to the follow­
ing conclusion:
1) the shape of the curve, and sometimes its type,

depends strongly on both the metal and the con­
tacting solvent (see Figure 1).

Fig. 1. Four different types of capacity-charge character­
istics.

2) All four types have two features in common:
a) CH rises monotonically with a near the p.z.c. 

(except for Hg/formamide).
b) The curves obtained for a given solvent but for 

different metals converge at high negative 
potentials, so that the limiting branch C (a ->• 
-  oo) depends solely on the solvent.

While these different types could be described by 
molecular models of the solvent, the problem of the 
influence of the metal was not solved. So, at present, 
it is natural to try to build an electronic theory of 
the metal/polar solvent interface, treating self-con- 
sistently both the metallic and the solvent compo­
nents of the polarization.

A first attempt of this kind was made by Badiali, 
Rosinberg and Goodisman [18] (BRG), who treated 
the solvent as a dielectric continuum. The BRG 
model is an extension of the earlier works of Hira- 
bayashi [19a] and Partenskii and Kuzema [19 b] on 
the metal/insulator interface. In addition to the 
interaction of the electron with the polarizability of 
the solvent they also accounted for the repulsion of 
the metal electrons from the occupied orbitals of the 
solvent by introducing corresponding pseudopoten- 
tials. Also, they introduced a vacuum gap between 
the surface of the positive background, whose thick­
ness they identified with the radius of the metal 
ions. This construction is in contradiction to the 
usual interpretation of the jellium model, where the 
surface of the positive background is identified with 
the surface plane touching the ionic spheres of the
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first layer of metal ions. BRG applied their theory 
to the Hg/water and Ga/water interfaces, which 
experimentally exhibit type I capacity curves. How­
ever. their model gives type IV curves, and it also 
fails to reproduce the general features 2 a and 2 b 
noted above.

The next work was due to Schmickler [20]. who 
combined his own two-dimensional molecular 
model for the solvent in the Helmholtz layer 
(Schmickler [21.22]) with the Partenskii and Smo- 
rodinskii [15] modification of the Smith [23] jellium 
model. Schmicklers work helps to understand the 
following features of the system:

(1)It demonstrates that the interfacial capacity 
depends both on the nature of the solvent and of 
the metal.

(2) It correctly predicts capacity maxima (humps) 
for watertype solvents: the magnitude of the 
hump depends on the properties of the metal.

(3) The magnitude of the hump in his model de­
creases with temperature in agreement with 
Grahame's results for the Hg/water system [1 b].

His work, however, does not predict exactly the 
proper position of the hump. It is also limited to the 
purely electrostatic interaction of the point dipoles 
and the metal jellium: the treatment is dominantly 
numerical.

In this paper, we treat two one-dimensional 
models of the interface, involving both the polariza­
bility of the electronic cloud and the reorientation 
of solvent molecules. The simplicity of the models 
will allow us to develop an analytical version of the 
theory helping to understand some basic effects 
prior to a variational calculation. Starting from 
these simplified models, we consider the interaction 
of the electronic polarizability and the orientational 
dipole polarizability. and their effect on the CH (cr) 
curves. The comparison of our calculated curves 
with experiment will help us to outline the short­
comings of present models, and indicate the direc­
tion of future research.

§2. Two Models for the Surface Layer 
of Molecules Bounding the Metal

Figure 2 gives a simplified picture of a water 
molecule, appropriate for our modelling of the 
interface. The picture was suggested by Schuster

Fie. 2. Model of a water molecule after Schuster (1974) in 
the H. OH,-plane. Distances: AB=1.2A, CB = 0.56 A, 
AD = 1.84 A". CE= 1.4 A. AE = 3.3 A.

[24] on the basis of quantum-chemical calculations. 
We consider two models of the boundary layer, 
reflecting the given model of a water molecule. 
They have a common feature: The charge distribu­
tion in the plane parallel to the interface is assumed 
to be continuous and uniform. However, they are 
complementary, since one overemphasizes the dis­
crete character of the distribution of the charge in 
the direction normal to the interface, while the 
other is based on the assumption of a smooth Lang
[25] -layer like distribution. The first model reflects 
the shift in the position of the oxygen atoms with 
the inversion of the molecule, while the second 
model neglects completely any changes in the 
charge distribution in the course of molecular re­
orientation. In so far, we label these models as "dis­
crete" (d-)model and "continuous" (c-)model, re­
spectively.

2.1. d-model (Fig. 3)

The plane : = a indicates the location of the 
negative charges due to the oxygen atoms of the 
molecules oriented to the surface with the oxygen

z *

a+d+b

a+d 
b+d

■z*+d

Fig. 3. The discreet (d-)model of the interphase.
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end. Plane z = a + d\ Positive charges due to hydro­
gen atoms of the molecules oriented with the 
oxygen end towards the surface.

Plane z = b\ Positive charges due to the molecules 
oriented with the protons towards the surface.

Plane z = b + d: Negative charges due to mole­
cules oriented with the protons towards the surface.

To reflect Schuster's picture of a water molecule, 
one should attribute the following values to these 
parameters:

a = R0 =2.64 a.u., (2.1)

b=  Rh = 2.26 a.u., 

d= /?oh cos (tp/2) = 1.07 a.u.

(2.2) 

(2.3)

We denote by N the total number of water mole­
cules per surface area, y is the fraction of molecules 
oriented with the oxygen end towards the surface, 
so that (1 — y) is the fraction oriented with the 
protons towards the metal. 7 = 1/2 corresponds to 
the case of no preferential orientation.

In the subsequent electrostatic calculations, it will 
be difficult to deal with four charged planes. To 
reduce the number of planes, we introduce two 
effective planes z = z* and z = z* + d, where

z* = ya + ( l - y ) b ,  (2.4)

simulating Schuster's picture, i.e. for the above 
given values of the parameters, a -  b ^  0.2 A, which 
is about 15% of a. With this choice, the effect of 
the variation of z* with 7 is not important.

Thus a charge, giving rise to a surface charge 
density

Z = ( \- 2 y )q N  (2.5)

is smeared out in the plane z*, with the charge — L 
in the plane z* + d. The coefficient q characterizes 
the separation of the charge in a water dipole: 
0 < q < 1.

The interaction of the molecular layer with the 
metal will not only be due to the charges on these 
planes, but also due to the Harrison-pseudopoten- 
tial repulsion. The Harrison pseudopotential planes 
will be attributed directly to z = a, z = b + d (repul­
sion from the oxygen cores) and z = b, z = a + d (ex­
change repulsion from the electrons around the 
protons).

The region outside the full Van der Waal's dis­
tance AE (Fig. 2),

L = a + d + b , (2.6)

' / f t  f / / /  ( f f t  t f f  f /  ■'■'// „ / /  /  /  ./' /  /  /  /  /'./' t f /' /  / / /  / /  . "f 
/' /  / / / /' /  ./' /' / / f /' /  / /  /' f / '\ \ \ \ K \ \ \ \ \ \ \ \ \ \ \ \ \ \ 
\ \ \ \ \ \ \ \ \ \ \ v \ \ \ \ \ \  \ \ \

N \ \ V \ \ \ ' \ \ \ \ \ \ \ \ \ \  ̂ \ \

L, 
2

0
Fig. 4. The continuous (c-)model of the interphase.

is assumed to be filled with the concentrated elec­
trolyte. The ionic diffuse layer effects will be ne­
glected, and the region z > F will be regarded as a 
region of constant potential (0 = 0).

2.2 c-model (Fig. 4)

The model is pictured in Figure 4. The ionic 
skeleton of the metal (z < 0) is separated from the 
concentrated electrolyte region (z > F) by two slaps 
of uniform charge density n (0 < z < F/2) and 
— n (L/2 < z  < L):

(2.7)
n = q N ( \ — y) 2/L

qN I
qN/L = - j - ( \ - 2 y ) =  —

The meaning of q, N, and y is the same as in the 
d-model. According to (2.7) the two slaps represent 
oxygen and hydrogen "subliquids". Each of these 
subliquids is characterized by different Harrison 
pseudopotentials, simulating the exchange repulsion 
of the metallic electron from the cloud of electrons 
surrounding the proton and the oxygen core electrons. 
This will be taken into account explicitely in the 
corresponding energy terms.

2.3 Discussion

The d-model overemphasizes the discreteness, the 
c-model stresses the smoothness of the charge distri­
bution in the interfacial solvent layer. Our aim is to 
perform calculations for both models and to com­
pare the results. If they occur to be qualitatively 
similar, this would mean that their common fea­
tures ("two level behaviour") forms the essence of 
the dielectric response of the system.

We ascribe to the region 0 < z < F some dielec­
tric screening due to the higher frequency degrees 
of freedom other than the orientational motions of 
the molecules. This will be represented by an effec­
tive dielectric constant £*; the value of may be
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even smaller than the bulk high frequency dielectric 
constant ( -  6) due to effects of spatial dispersion 
(Vorotyntsev and Kornyshev [26]).

We finally note that the d- and c-models (especi­
ally the d-model), though elaborated for the case of 
water, may be more appropriate for some other 
solvents with reorientation of dipoles. Then y will be 
an occupation parameter for this "two-level" sys­
tem. and the "oxygen" and "hydrogen" terminology 
must be replaced by other appropriate terms.

§3. Adiabatic Energy Functional

In our one-dimensional picture the only "coor­
dinate" characterizing the dipole motion is the 
occupation parameter y. Since the movements of 
this orientational subsystem are much slower than 
the movements of the electrons of the metal, we 
may first solve the electronic problem for a fixed 
value of y. In particular, we thereby obtain the sur­
face energy as a function of y (adiabatic surface 
energy term). In doing so. the electronic problem 
may be solved within the ground state formalism, 
since the low-energy fluctuations of y cannot induce 
electronic transitions to excited states.

Thus, we shall use a modification of the density- 
functional formalism (Lang [11]), where the equilib­
rium values of the parameters are found by the 
minimization of the surface energy with respect 
both to the electronic density distribution n (z) and 
the orientational subsystem parameter y. We thus 
find self-consistent values of n (z) and y*.

The energy functional of the electronic density 
which we use is

E = Eys M + £.h [«] + £PS [n] + G [n] + E<h, (3.1)

where the terms are specified below. (Throughout 
the paper, we use atomic units e = h = me = 1, unless 
stated otherwise.)

3.1. Electrostatic energy, Ef.s [n]

This is the only term depending on the solvent 
model used (d or c).

* The philosophy of this approach is similar to the adia­
batic treatment of Hietschold et al. [27] of the lattice relax­
ation at metal surfaces where the variational parameter 
additional to those involved in n (r) was the interlayer 
spacing between the last two planes of the ionic skeleton.

d-model
E?[n] = j dr 0  (z) [n (r) — n+]

- X
L

- i j d  z0 (z ) n (z)

+ ± [ $ ( ; : „ ) d ) ] I ,  (3.2)

where n+ is the uniform positive background charge 
density of the metal (the ionic skeleton in the 
jellium model); and 0  (z) is the electric potential 
produced by all the charges in the system, obeying 
the following set of equations:

^o(-) - < 0 ,
<£,(-) 0 < z < z* ,
(p2(z) z* < z < z* + d ,
0 3(z) z* + d < z < L \

<Z>(z) = (3.3)

4n
(Pq = ----(n - n_

£m
4/r

cP\' =

4 n
(pi ' ----n

z <  0; 

0 < r < r* 

r* < z < r, d\

4 n
(p'{ = ----n

tsk
r* + d < z < L ;

tf>o(O) = 0i(O), cm<P6(0) = c*4>U0)

(3.4)

4 K
(_-„) = 0 2 ( r j  , <P\ (z*) = <P'2(z*) + ----^  .

02 (zt + d) = 0 3 (zj). + d ) , 0'2 (z* + d)
4 n

= 0'3(z* + d ) -  —  Z ,

0 3 (L) = 0 , 0 O ( -  oo) = const, (3.5)

where £M is the high-frequency ionic skeleton 
dielectric constant, -  its value is normally close to 
unity -  (for the discussion of this quantity see the 
review articles by Hodgson [2] and Vorotyntsev and 
Kornyshev [28]).

c-model
o

£.es = _ |  j dz 0  (z) [// (z) -  n+]
- x 
L/2

- i  1 dz 0  (z) [/? (z) //]
0 
L

i  J dz 0  (z) [n (z) + h]
L/2

(5.14)
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where 0  obeys the equations:

( 0 O (z), z < 0 , 
0 = \  0 ,(z), 0 < z < L/2 , (3.7)

1 ( z ) , L/2 < z < L , 
4n

0Q = ----(« -«+ ), r < 0 ,
eM
4tt

</>',' = ----(» — »), 0 < z < L/2 ,
<5*

02 = —  (/? + «), L/2 < z < L , (3.8)

00 (0) = 0, (0), £M 0q (0) = 0 J (0) , (3.9) 
0, (L/2) = 0 2 (L/2), 01 (L/2) = 0'2 (L/2) .

3.2. Harrison pseudopotential energy 

d-model
E? = N{Ayn(a) -  /.yn(a + d) (3.10)

+ X (l-y )n (b ) + A ( \-y )n ( l+ d )} ,
where /. and A are the characteristic intensities of 
the Harrison pseudo-potential for positive and 
negative ends of the molecules of the dipole layer.

different for each metal and crystal orientation, 
fitted by the comparison of the calculated vacuum 
work function with the corresponding experimental 
values. With the help of this term, one may formally 
come to the limit of an infinite potential barrier for 
electrons at the metal surface (C -> — x ).

3.4. Kinetie-exehange-eorrelation energy

For this quantity we use the standard local 
density approximation with the gradient correction 
to the kinetic energy term only (Smith [23]):

G [n] = Ckin + Cx + Gc + Cjnh (3.13)

Ckin = 0.3 (3 7r)273 j dz[*5/3( z ) - « 5+/30 ( -z ) ] ,

Gv

(3.14)

3 \ 4/3 x
0.75 ( -  I dz[n*/3(z ) - n l /30 ( -z ) ] ,

K' - x (3.15)

Cc =-0.056 J dz
,4/3(r) n r e ( - z )

0.079 + nu3 (z) 0.079 + n ]+/3 
(3.16)

(3.17)

c-model

E? = ? -\B \d zn { z) + 2 D (\-y )  J dzn(z) 
L I o o

+ 2 Dy j dz n (z) , 
L/2 J

(3.11)

where B is the intensity of the Harrison pseudo- 
potential of the negative "subliquid", and D of the 
positive one.

It is possible to add to (3.10) or (3.11) the terms 
responsible for the repulsion from the closed shell 
electrons of the medium at z > L (ions and dipoles 
of the concentrated electrolyte). However n (z) is 
normally negligible at z > L, and these terms may 
be ignored.

3.3. Pseudo-potential correction inside the metal 
o

E£[n] = C 1 d z [n ( z ) - n m]. (3.12)

This is a semi-empirical term, responsible for the 
deviation from the jellium model. C is a constant,

3.5. Chemical energy

Eyh is responsible for the interactions of the 
molecules of the surface layer with the degrees of 
freedom of the substrate other than free electrons 
(e.g. chemical binding with d-orbitals) and the short 
range interactions between the molecules, which are 
not screened or perturbed by the electronic cloud 
spilling over the skeleton edge. Thus this term is 
independent of n. A simple approximation is

F ch = yNA , (3.18)

where A < 0 and A > 0 correspond to the preferen­
tial orientation of molecules with their negative and 
positive ends, respectively, towards the surface.

§4. Electrode Charge Equation

The charge density o on the electrode is related to 
the electronic density n (z) through the relation

j dz [n (z) -  /?* 0(—z)] = o. (4.1)
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In order to find the equilibrium (in fact, the 
ground state) values of n (r) and y, we minimize the 
surface energy given by (3.1) with respect to these 
quantities. In doing so we use the trial function

§5. Minimization Procedure ence between the two models is seen in the terms 
describing the interaction of the jellium with a sur­
face solvent layer, the electrostatic self-energy of the 
bi-layer, and the interaction of the bi-layer with a 
net charge o.

5.2. Harrison pseudo-potential energy

-H _ Nn,
y + ß

ye-ßa+ -/ ye~ß(a+d)

—  [B + 2 D (\-y )  + 2D(2y

approach. A simple set of trial functions is

ß „
y. + ßn (r) = n

y. + ß

where, according to (4.1), 

\/y — \ /ß = o /n + .

z < 0 

z 0
(5.1)

(5.2)

Thus (5.1) and (5.2) provide a one-parameter set of 
trial functions. More complicated trial functions can 
also be used, but they lead to more cumbersome 
expressions. They will not be considered in this 
work, since we aim to obtain simple analytical 
results.

5. /. Electrostatic energy

The solution of the electrostatic Eqs. (3.3) —(3.5) 
for the d-model and (3.6)-(3.9) for the c-model, 
with n (r) given by (5.1). is:

2 nL . 2 ti 
------ (j2 + £.es 4- —

2 n ,I y  
2oZ d+  Z 2d + —̂--------- e ß=* 11 -

ß2(* + ß)

(5.3)

e-ßd)
d-model ,

- o Z L  + —  Z 2L + { \ - e ^ L/2)2

where the electrostatic energy of the charged jel­
lium is

£.es =
71IU

ß(y.+ß)2 I
ß3 (5.4)

+ — e~ßL 
e *

4 (y2- ß 2) -  y2e
7-

■pl

The first term in (5.3) is the energy of a plane 
capacitor with a capacitance e^/AtiL. The differ-

y) e '^b + A ( \-y )

- \ )  e-PL/2 -  {B + 2yD) e~ßL]

d-model

c-model .
(5.5)

5.3. Metal pseudo-potential correction

ß
£PS — — C n+---- -------.

+ y(y + ß)

5.4. Kinetic-exchange-correlation jellium energy

(5.6)

,5/3
Gkin -   ̂P]

Gx = 3 P ,
.4/3

/?,(/0) - / ? i ( l )  + 0.2 — ^

R2(t0) - R 2(\) + 0.25 j t 40

, (5.7)

, (5.8)

Gc = 3P3^ \ R 3(t0) - R 3( \ ) + ^ [ R 4(t0) - R 4(0)]\ ,
3t l ß J

G.nh = P4 In
y + ß

where

'0 = y + ß

1/3

(5.9)

(5.10)

(5.11)

3 \ 1/3
Px =0.3 (3tt2)273 , P-I = — 0.75 ( —I

P3 = -  0.056 , £4 =
72~

/?,(/) = t5/ 5 + t2/ 2 -  0.5 ln (1 + t + t2)
1 2t + 1 

+ arctg — p— , 
]T3 ]/3

R2 (t) = t4/4 + / — 0.5 ln (1 + / + /2) 
1 2/ + 1 

' W ^ ' W '

(5.12)

(5.13)

(5.14)
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R3 (t) = rV3 -  st2/2 + s2t -  ----ln (t + s)
.r 4- 1

2 (5- + 1) 7

arctg
2/ + 1

(5.15)
}/3(1-s + 52) V3 '

R4 (t) = /-V3 -  st2/2 + s2t -  s3 ln (t + s) , (5.16)

0.079
-1/3 • (5.17)

Now F = F [ß, y, a, n+, W, q, Lß ^  A' 7  Cj is a

function of the two variational parameters ß and 7, 
with the other parameters being fixed. Observable 
quantities are calculated for the values ß = ßmxn and 
y= 7mim which provide the absolute minimum of E 
in the range of 0 < 7 < 1.

§6. Calculation of Observable Quantities

The equilibrium interfacial potential drop

V= <Z> ( -  00) -  0  (F) = 0  ( -  00) 

is equal to

4nL 4nn, 
F = ------ a + -

{y. + ß)ß
1 ß2 a 1

£M XZ ß £*

471 f d d-model
+ - q N ( \ - 2 y ) \

e* [F/4 c-model ß=ßm\n y= y min

(6.1)

. e-ßL} 

(6.2)

This is not a measurable quantity. However, one 
can measure the differential capacity

CH = da/dV. 

According to (6.2):

1 L 6
--------= — + n+ —47tCh £* 0(7

(6.3)

1 ß1 1

ß(y. + ß)
2qN dy \d d-model

6cr L!4 c-model.

Simpler equations are found for the p.z.c., where 
(7 = 0. Here, neglecting terms of the order O (exp

(— ßL)), we have

2tc n+1 1 1\ 4TT qN id
= i 1 —  + ~  + ----  (1 ~ 2 7ct=O)ß- \ £M e j  [L/4

(6.5)
1 L - ß ~ ] I 5 3

+ - —  + - — I —
47tCH £* \4£m 4 / ß

- ß- n  ( 1 , 1 \ 1(1N yi \ d
ß3 +\£ M e j  £* ' [L/4

(6.6)

§7. A Mechanism for the Resolution 
of the Rice Paradox

The Rice Paradox is discussed in detail in [6. 7, 
26]: Any non-selfconsistent theory, with an infinite 
energy barrier at the interface, gives too large values 
for the inverse interfacial capacity; in other words: 
any model which does not allow for electron spill­
over at the metal surface, is incompatible with 
experimental results. It was also demonstrated in 
these works (see also Vorotyntsev et al. [29]) that 
the penetration of the electrons into a solvent with a 
higher background dielectric constant £* reduces 
the calculated inverse capacity to the same order of 
magnitude as the experimental values.

From (6.6) we see that in our present model two 
terms exist which tend to make the inverse capacity 
smaller: the first term, which is proportional to 
ß '/ß3, reflects the response of the jellium tail to the 
application of an external field. The electrons follow 
the field, thus reducing the potential drop across the 
interface (see also Schmickler [20]); in classical 
terms, this corresponds to a polarizability of the 
electronic system at the surface. This is a quantum- 
mechanical effect, which does not arise in theories 
with an infinite barrier at the surface; we shall see 
below that it reduces the inverse capacity to a 
reasonable magnitude, and thus resolves the Rice 
paradox. The other term is proportional to y' and 
reflects the orientational polarization of the water 
on which the classical double layer theories had 
focused their attention.

(6.4) §8. Results of Variational Calculations

The interfacial capacity is a complicated function 
of the various parameters of our model. Below, we
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shall present results of model calculation for illus­
tration. These plots can be understood by the fol­
lowing considerations:

The capacity-charge characteristics reflect the in­
fluence of the solvent, the metal, and their inter­
action: we shall discuss these three contributions:

a) the solvent: To understand the effect of the 
solvent, we discuss the capacity Cs of the solvent 
layer in the absence of the metal. For the c-model, 
we have

L/4e* for <7 ^ q  A/3,
47rCs [L/e,, 

For the d-model:

for o > q N/3 .

4 ttC
(L -  d)/e* for a ^  qN ,
L/e* for o > q N .

(8.1)

(8.2)

Thus, in both models Cs has a rectangular 'hump' 
centred at rr=0. In the c-model. the width of the 
hump is smaller and, with L — 4 A for water, its 
height is greater.

b) the jellium: The jellium capacity is determined 
by the variation of the inverse penetration lengths y 
and ß with the charge density o. This is a smoothly 
varying function, which decreases monotonically as 
one goes from negative charge densities to positive 
ones. The polarizability of the jellium (i.e. the 
variation of the surface dipole potential) increases 
with the electronic density n+.

c) The interaction terms: At the p.z.c.. the exten­
sion of the electron tail into the solvent produces a 
net orientation of the solvent layer with the negative 
oxygen-end towards the metal (i.e. 7 >1/2). This 
results in a shift of the capacity hump produced by 
the solvent towards negative charges.

The pseudopotential terms in (3.10) and (3.11) 
also reflect the strength of the interaction. Only 
positive values of B and D are physically meaning­
ful. since they represent a repulsion of the electrons 
from the solvent. They tend to increase the inverse 
electron penetration lengths y. and ß, and decrease 
the polarizability of the jellium tail, leading to a 
smaller contribution of the jellium to the inverse 
capacity.

Finally, we note that for rough considerations the 
capacity can be split into a metal and a solvent 
term: however, it is the inverse capacity of the sub­
systems which are roughly additive.

In the numerical calculation we have generally 
taken: L = 4 A for the thickness of the inner layer of 
the solvent, and A = 1019m-2, in accord with the 
commonly accepted values for water, e* = 6, and 
eM= l, unless otherwise stated. The choice of trial 
functions limits our calculations to fairly low charge 
densities, o ^10pC /cm 2.

Since our results for the c-model are more inter­
esting than for the d-model, we shall present the 
results for the former model first.

c-model

Dependence on q: The natural choice for q is 
gouverned by the consideration that q L should be 
equal to the dipole moment of the water molecule. 
This gives q ~ 0.1 a.u., and we shall use this value 
in the subsequent calculations. Still, it is of interest 
to see what effect q has on the capacity character­
istics. This is shown in Fig. 5; here, we have set 
B = C = D  = i1=0, and chosen n+ = 0.0128 a.u., 
which corresponds to mercury. For each value of q. 
we get a capacity curve with a roughly rectangular 
hump, centred at negative charges. The width of the 
hump is approximately 2qN/3, and they are rough­
ly centred at o = — 0.2 pC/cm2. Due to the jellium. 
there is an underlying trend for the capacity to 
decrease with increasing o.

Dependence on the metal: With increasing elec­
tronic density n+, the dipole potential at the inter­
phase. and also the variation of this dipole potential 
with the charge density, become greater. Hence the 
total interfacial capacity becomes larger with in­
creasing n+. This can be compared with the experi­
mental observation that the capacity of second and 
third row sp-metals increases with the electronic 
density (Schmickler and Henderson [22 a]). In addi­
tion. the interaction of the jellium tail with the

-10 -6 -4-2 0 2
Fie. 5. Capacitv-charse curves in the c-model: (1) q = 0.02
a.u.. (2) q = 0.06 a.u.. (3) q = 0.1 a.u.
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-10 - 8 - 6 - 4 - 2  0 2 4 6 8 10
ol̂ /Cm"2

Fig. 6. Capacity-charge curves in the c-model; (1) eM = 2, 
«+"=0.01. C = 0: (2)"eM = 1, «+ = 0.02, c = 0; (3) eM= l, 
«+ = 0.01, C = 0; (4) eM = l, «+ = 0.0128, C = -1.5eV; 
B = D — A — 0 in all curves.

o 102/Cm-2
Fig. 8. Capacity-charge curves in the c-model; «+ = 0.0128, 
B = C=D = 0. Full-line: A = 10_3cm; (—): A = -  5 • 10'4 
a.u.; (-•): A= -  10"3 a.u.

solvent becomes stronger, and the capacity hump is 
shifted towards negative charge densities (see 
Figure 6).

Increasing the background dielectric constant £M 
of the metal has a similar effect: the extension of 
the jellium tail increases, and so does the capacity 
and the interaction with the solvent.

Similarly, the metal pseudopotential C will de­
crease the extension of the jellium tail, when it is 
negative, while a positive value of C will increase 
the penetration depth. This is illustrated by curve 
(4) in Fig. 6 for the case of mercury. There, the 
recommended value for C is -  1.55 eV [30]; conse­
quently, the interfacial capacity is decreased and 
the hump is shifted towards the p.z.c.

H arrison p seudopo ten tia ls

Inspection of (5.5) shows that the pseudopotential 
parameters B and D tend to push the jellium tail 
back into the metal, and that D favours a value of

-10 -8 -6 -4 -2 0 2 4 6 8 10
a102/Cm'2

Fig. 7. Capacity-charge curves in the c-model; «+ = 0.0128, 
C= 0; (1) B = D = 0.2 a.u.; (2) B = D = 0.6 a.u.; (3) B = 
D = 2 a.u.

0,5 
~ 0,4'e
s 0,3

-10 -8 -6 -4 -2 0 2 4 6 8 10
o 102/Cm"2

Fig. 9. Capacity-charge curves in the d-model; (1) «+= 
0.01; (2) «+ = 0.02.

y = 1. For reasonable orders of magnitude of B and 
F> in the region of up to 1 a.u., the former effect is 
very small while the latter is pronounced. Figure 7 
shows that with increasing values of D the hump is 
shifted towards negative charges, since y = 1 is 
favoured; for B = D = 1 a.u. the hump is not in the 
investigated region.

Chem ical energy
The chemical energy parameter A has an effect 

on the solvent orientation y only: positive A favoures 
small 7, and the hump is shifted towards positive 
charges, while negative A favoures 7=1, and thus 
shifts the hump towards smaller o. This is illustrat­
ed in Figure 8.

d-m odel
Inspection of (5.3) shows that, with i  and ß of the 

order of 1 a.u., the interaction between the solvent 
and the jellium is stronger in the d-model than in
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the c-model. The overall effect is to push the jellium 
tail back into the metal and to decrease the contri­
bution of the jellium to the capacity. For reasonable 
values of q (q ^0.1 a.u.), the width of the solvent 
contribution is greater than the range of a which we 
have investigated (cf. (8.2)). Hence, the calculated 
capacity curves give almost constant capacity in this 
range (see Figure 9). Again, the capacity becomes 
greater with increasing electronic density. Since for 
reasonable parameters the capacity curves are 
rather featureless, we shall not present more calcula­
tions for this model.

§9. Discussion
Comparing our calculated capacity-charge char­

acteristics with the experimental curves classified 
by Parsons, we note that in agreement with type I 
and II our curves exhibit a capacity hump with a 
width of a reasonable order of magnitude. However, 
both the shape and the position of the hump are 
wrong: The roughly trapezoidal shape is but an 
imperfect representation of the smooth humps ob­
served experimentally, and. except when the chemi­
cal interaction A is greater than zero (i.e. when the 
hydrogen interacts stronger with the metal than the 
oxygen end. which is unlikely from a chemical point 
of view), the centre of the hump is on the wrong 
side of the p.z.c.

The first defect is obviously caused by the simple 
solvent model which we employed. We expect that 
thermal effects, which are not included in our 
model, would smooth the edges of the hump. Also, 
the representation of the first water layer by a 
system of charges is certainly an oversimplification. 
The structure of water is largely determined by 
hydrogen bonding, and this will also effect its 
dielectric properties. An attempt to include hydro­
gen bonds into double layer modelling has been 
made by Guideiii [31]. However, the success of elec­
trostatic water models like ST2 [32] shows that the 
effect of hydrogen bonding may partially be simu­
lated by a judicious choice of the charge distribu­
tion.

In our model, both the metal and the solvent give 
appreciable contributions to the interfacial capacity. 
Thus, in contrast to the older classical model, the 
interfacial capacity depends strongly on the metal 
characteristics (see Fig. 7); so we can at least quali­
tatively account for the dependence of the double 
lav er capacity on the nature of the metal. Also, in

agreement with experimental evidence, at the p.z.c. 
our model predicts a preferential orientation of the 
oxygen end towards the metal. This is caused by the 
electronic tail extending into the solution, which 
generates a positive field at the metal surface at 
the p.z.c.

Recently, Carnie and Chan [33], and Blum and 
Henderson [34] have solved a model in which the 
electrolyte is represented as an ensemble of hard 
sphere ions and dipoles. The calculated wall-dipole 
correlation functions show an oscillatory behaviour 
over a range of several solvent diameters. Thus it 
seems that the solvent contribution to the inner 
layer capacity is not solely determined by the first 
layer of solvent molecules, like was we have sup­
posed in our present work, but by a somewhat 
larger boundary region. Unfortunately, the solution 
has been obtained for small electrode charges only, 
so that the calculation of the interfacial capacity is 
limited to the p.z.c. Recently, the interphase has 
been modelled as an ensemble of hard sphere ions 
and dipoles in contact with jellium [22 a, 35]. Quali­
tatively, the result of these works are similar to ours 
at the p.z.c.; in particular, they also predict an 
increase of the capacity with the electronic density.

§10. Conclusion
In this paper we have presented a fully self-con­

sistent model of the interface between a metal, 
modelled as jellium. and a solvent layer, simulated 
by a system of charges. While the model can explain 
some qualitative features of the experimental ca­
pacity curves — the metal dependence, and the 
occurrence of a 'hump'. -  it still has serious defects 
which we hope to remedy in a future work.
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